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Proof. Let @ € R be a root. Consider the corresponding s((2, C) subalgebra
in g generated by ey, fy, hy as in Lemma 6.42. Considering V is a module
over this s[(2,C) and using the results of Section 4.8, we see that hy is a
diagonalizable operator in V. Since elements Ay, € R, span b, and the sum
of the commuting diagonalizable operators is diagonalizable, we see that any
h € his diagonalizable. Since f) is commutative, all of them can be diagonalized
simultaneously, which gives the weight decomposition.

Since weights of s[(2, C) must be integer, we see that for any weight A of V,
we must have (A, hy) € Z, which by definition implies that A € P. O
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Proof. Let P(V) be the set of weights of V. Let A € P(V) be such that for all
a € Ry, A+ a ¢ P(V). Such a A exists: for example, we can take 2 € f such
that (h, ) > O for all @ € R, and then consider A € P(V) such that (h, A) is
maximal possible.

Now let v € V[A] be a non-zero vector. Since A + « ¢ P(V), we have
e,v = 0 for any @ € R, . Consider the subrepresentation V' C V generated by
v. By definition, V' is a highest weight representation. On the other hand, since
V is irreducible, one has V/ = V. : O
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